Abstract. In this paper we show that the singular locus of a Legendrian foliation as defined in [Hua13] is a compact submanifold whose connected components are of codimension at most two. As a consequence, given any closed (n + 1)-dimensional coisotropic submanifold W in a contact (2n + 1)-manifold, the contact structure in a sufficiently small neighborhood of W is uniquely determined by the characteristic (Legendrian) foliation.
Let (M 2n+1 , ξ) be a contact manifold with contact structure ξ = ker α. Consider a closed (n + 1)-submanifold W ⊂ M together with the restricted one-form λ = α| W . We say W is a coisotropic submanifold if λ ∧ dλ = 0 on W . In other words, one can integrate ker λ into a singular foliation F , which we will call the characteristic foliation. It is easy to check that the leaves of F are Legendrian submanifolds, so we sometimes also call F a Legendrian foliation.
We are interested in the singular locus of F , which is defined to be S = {λ = 0}. In a previous work [Hua13] , we see that each path-connected component of S must belong to one of the following three kinds.
(A 0 ): A closed orientable (n − 1)-dimensional submanifold; (A 1 ): An open orientable (n − 1)-dimensional submanifold; (A 2 ): A C 1 -smooth compact n-dimensional submanifold. Moreover we see that if S consists of only singularities of type (A 0 ) and (A 2 ), then the germ of the contact structure in a neighborhood of W is uniquely determined by F . Conversely, given any singular foliation F with only singularities of type (A 0 ) and (A 2 ), one can construct a standard contact neighborhood of W such that W becomes a coisotropic submanifold with characteristic foliation equal to F .
Using the above terminologies, we can formulate the main result of this paper as follows.
Theorem 1. Given a closed coisotropic submanifold W n+1 ⊂ (M 2n+1 , ξ) with Legendrian foliation F , there exists no singularities of type (A 1 ) in F .
Combined with the existence and uniqueness results in [Hua13] , we obtain the following result.
Corollary 2. The contact germ in a neighborhood of a coisotropic submanifold is uniquely determined by the characteristic foliation.
Remark 3. Corollary 2 is well-known in three-dimensional contact geometry but the proof in that case involves only Moser's technique.
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Singularities in Legendrian foliations
In this section, we recall some relevant general properties of singularities in Legendrian foliations from [Hua13] .
Let (W, F ) ⊂ (M, ξ) be a coisotropic submanifold with Legendrian foliation F . Suppose, for the rest of this paper, that the singular locus S of F is non-empty. Moreover suppose S contains a path-connected component P of type (A 1 ). It is easy to see that the (topological) closure P is also contained in S. Hence there exists at least one path-connected component Q ⊂ P ⊂ S of type (A 0 ) such that P limits on Q.
Recall from [Hua13] that the Legendrian foliation in a tubular neighborhood of Q is well-understood. Namely, a tubular neighborhood N(Q) of Q ⊂ W is diffeomorphic to a neighborhood of the zero section of a (generally nonlinear) flat R 2 -bundle
Denote by ι : N(Q) ֒→ E the smooth embedding into a neighborhood of the zero section, such that ι(Q) is the zero section. Let q ∈ Q be a base point, to be chosen later. Then the flat connection is characterized by the holonomy representation
where
is the group of germs of origin-fixing and orientation-preserving diffeomorphisms of R 2 in a neighborhood of the origin. More importantly, it follows from [Hua13] that ι * (λ) is a parallel constant vertical one-form on E such that ι * (dλ) restricts to an area form on each fiber R 2 . Hereafter we will identify λ with ι * λ and will not write ι anymore. Therefore we have in fact the holonomy respresentation
with the image landed in A + 0 (R 2 , dλ), the group of germs of origin-fixing area-preserving diffeomorphisms of R 2 with respect to the area form dλ. Now by assumption there is a singular locus P of type (A 1 ) which limits on Q. This implies that there exists a point q ∈ Q, an oriented loop γ ⊂ Q based at q, and a sequence of pairwise distinct points p k ∈ E q ∩ P, k = 1, 2, . . . such that the following holds.
• λ(p k ) = 0 for any k,
We will call such γ an attracting loop in W . Now the strategy to prove Theorem 1 is rather simple, namely, we will show that such an attracting loop does not exist. In order to do that, let us briefly recall some useful facts about fixed point in smooth dynamical systems in the next section.
Hyperbolic fixed point theory
Consider a diffeomorphism φ : R n → R n such that φ(0) = 0, we are interested in the local dynamics in a neighborhood of 0, i.e., the orbit of any point in a sufficiently small neighborhood of the origin under the iterations of φ. The answer to this kind of question belongs to the realm of smooth dynamical systems. One of the most important theorems in this field, and also the one we will make use of, is the celebrated stable manifold theorem, which we will briefly discuss in this section. In fact, for our purposes, it suffices to consider the case when n = 2, but it turns out that the particular value of n does not play any role in the following discussions.
We start by setting up some basic terminologies in smooth dynamical systems which will be necessary to state the theorem. Let φ : R n → R n be a diffeomorphism such that φ(0)
where the norm is taken with respect to some metric on R n , and it is easy to show that the above definition is independent of the choice of metric. Define the stable and unstable subsets by
Now we are in the position to state the following theorem.
Theorem 4 (Stable manifold theorem). Using the notations from above, both W s (0) and W u (0) are smooth immersed submanifolds of R n . Moreover T 0 W i (0) = E i where i ∈ {s, u}.
The possible self-intersections of the (un)stable manifolds are responsible for chaotic dynamical systems such as Smale's horseshoe map, but these phenomena will not bother us since we are only interested in a sufficiently small neighborhood of the origin, where both W s (0) and W u (0) are embedded. The interested readers are referred to [Per30, Sma63] and the references therein for the proof of Theorem 4 and more thorough treatment.
Proof of Theorem 1
The goal of this section is to give a complete proof of Theorem 1. Using the notations from the end of Section 1, we assume by contradiction that there exists a singular locus P of type (A 1 ), which limits on a singular locus Q of type (A 0 ). Moreover let γ ⊂ Q be a loop based at q ∈ Q such that γ is attracting. Consider the holonomy map φ γ : R 2 → R 2 which fixes the origin. For the rest of the proof we will fix the choice of γ and simply write φ = φ γ . Up to a change of coordinates, we may assume that all the points p k ∈ E q ∩ P are contained in the positive x-axis such that p k ↓ 0 as k → ∞. Using the coordinates on R 2 , let us write p k = (x k , 0), and φ(x, y) = (φ 1 , φ 2 ). Since φ(0) = 0 and φ is area-preserving, we have
Moreover it is easy to check, using the fact φ(p k ) = p k+1 , that ∂ x φ 1 (0) ≤ 1 and ∂ x φ 2 (0) = 0. We will consider the following two cases separately, namely, either
for some a ∈ R or 0 is a hyperbolic fixed point of φ.
Let us first consider the non-hyperbolic case. Let Id : R 2 → R 2 be the identity map. Define φ t = tId + (1 − t)φ for 0 ≤ t ≤ 1. Then φ t is also a germ of origin-fixing diffeomorphism of R 2 for any t. It is clear that φ * t (λ) = λ. This, in particular, implies that γ(φ t (p k )) = 0 for any k and t. Therefore we obtain a continuous curve
containing the origin, such that γ vanishes along τ . But this contradicts our assumption that P is a singular locus of type (A 1 ) because it is contained in a singular locus of type (A 2 ). Now we turn to the case when 0 is a hyperbolic fixed point of φ. According to Theorem 4, there exists two smooth curves W s (0) and W u (0) passing through the origin. It is clear that p k ∈ W s (0) for all k. In the following we will show that λ actually vanishes along a (sub-)curve in W s (0), which will contradict our assumption that P is a singular locus of type (A 1 ) as before.
Again, up to a change of coordinates, we can assume W s (0) is contained in the x-axis, which covers at least a small neighborhood of the origin. Recall that we can arrange p k , for all k, to be contained in the positive x-axis and p k ↓ 0 as k → ∞. In local coordinates, let us write λ = f (x, y)dx + g(x, y)dy and φ = (φ 1 , φ 2 ) as before. The equation φ * (λ) = λ is equivalent to the following two equations.
(1)
By restricting to the x-axis, we have φ 2 (x, 0) ≡ 0 by construction. Moreover by the hyperbolicity, we have for sufficiently small x > 0, |∂ x φ 1 (x, 0)| < 1. Now for sufficiently small x > 0, (1) implies
which can be iterated n times to give
Letting n → ∞, we see that f (x, 0) ≡ 0 for sufficiently small x > 0 since lim n→∞ f (φ (n) (x, 0)) = f (0, 0) = 0 and |∂ x φ 1 | is bounded from above by 1. Now we turn to (2), which has the following form when restricted to the x-axis
Recall we write p k = (x k , 0). Since by construction we have φ([x k+1 , x k ]) = [x k+2 , x k+1 ] being a diffeomorphism for all k, the value of g on the positive x-axis is completely determined by its value on the interval [x 2 , x 1 ]. Here, of course, we assume x 1 > 0 is sufficiently small so that f vanishes on [0, x 1 ]. Since we will always work on the x-axis, so to avoid too many zeros in the upcoming calculations, let us abbreviate notations as follows. We will write g(x) := g(x, 0), and φ i (x) := φ i (x, 0) for i = 1, 2.
By differentiating both sides of (3) with respect to x, we get
If x > 0 is sufficiently small, so is the second summand in (4) compare with the first summand. Suppose there is some x 0 ∈ (0, x 1 ) such that g(x 0 ) = 0. Then we have the following estimate that x = x 0 ,
, for an arbitrarily small ǫ > 0 depending on x 0 . Now one can iterate (5) to get the following
n ∂ x g(x 0 ) x 0 n i=0 λ∂ x φ 1 (φ 1,(i) (x 0 ))∂ y φ 2 (φ 1,(i) (x 0 )) = +∞.
Here for the first equality we used the fact that ∂ x g(0) = 0 because g vanishes on a sequence of points p k = (x k , 0) → (0, 0) as k → ∞. The second inequality is just an iteration of (5), and the third inequality uses our hyperbolicity assumption that φ 1 (x 0 ) ≤ λx 0 . The last equality uses that fact that ∂ x φ 1 (0)∂ y φ 2 (0) = det(dφ(0)) = 1 and λ < 1. Of course one should also choose x 0 so small such that the factor (1 − ǫ) n does not effect the overall divergence.
Clearly (6) violates the assumption that g is smooth at 0. Hence g must also vanish on a small interval [0, δ] in the (positive) x-axis, so does λ. So we see that P is, in fact, contained in a singular locus of type (A 2 ), which contradicts our original assumption. This finishes the proof of Theorem 1.
